Abstract. Let X be an elliptic surface over P 1 with κ(X) = 1, and M be the moduli scheme of rank-two stable sheaves on X with c 1 = 0. We look into defining equations of M at its singularity E. When the restriction of E η to the generic fiber of X has no rank-one subsheaf, E is a canonical singularity of M (that is "good" singularity), if the number of multiple fibers of X is a few. Consequently we calculate the Kodaira dimension of M when X has just two multiple fibers, and one of its multiplicities equals 2 and χ(O X ) = 1. On the other hand, when E η has a rank-one subsheaf, it may be insufficient to look at only the degree-two part of defining equations to judge whether E is canonical singularity.
Introduction
For an ample line bundle H on projective smooth surface X over C, there is the coarse moduli scheme M(c 2 ) (or M(c 2 , H)) of rank-two H-stable sheaves E with Chern classes (c 1 , c 2 ) = (0, c 2 ) in Pic(X) × Z ( [13] ). For every point E ∈ M(c 2 ), the completion ring O ∧ M,E of M(c 2 ) at E gives the formal universal moduli of the functor assigning deformation of E over local Artinian C-algebra (e.g. [20, Thm. 19.3] ). Question 1.1. (1) Are M(c 2 ) nonsingular or not? (2) Suppose that M(c 2 ) has a singular point E, that is, an obstructed sheaf. How is the analytic structure of M(c 2 ) at E, in other words, the ring structure of O ∧ M,E ? (3) How is the birational structure of M(c 2 ); for example, its Kodaira dimension κ(M)?
For example, it is known that M(c 2 ) is nonsingular when X is K3 surface or −K X is ample. In this paper, we shall work in the setting below.
In this classification, sheaves of Case I appear most frequently in M(c 2 ), because Case I is an open condition by Lemma 2.12. Recall that, by the deformation theory of sheaves (Fact 2.2), if E is a singular point of M(c 2 ) then b = Hom(E, E(K X ))
• = 0 and
where F i is a power series starting from degree-two terms.
Theorem 1.3 (Theorem 6.1, Proposition 8.1).
Suppose that E is a singular point of M(c 2 ) and applies to Case I. If 7(d + 2)/4 ≥ Λ(X) or 2 ≥ Λ(X), then the following holds:
(1) Let G be any nonzero C-linear combination of F 1 , · · · F b at (1.1) and we indicate G as
where O(3) are terms whose degrees are more than 2, and R is an integer depending on G.
Then R ≥ 2b + 1.
(2) E is a canonical singularity of M(c 2 ). Moreover, there actually exist such obstructed sheaves on M(c 2 ) if c 2 ≫ 0. Theorem 1.3 has an important application Theorem 7.1, as explained in Section 1.4 below. Next let us consider obstructed sheaves applying to Case II. Sheaves of Case II appear second frequently in the above classification from Lemma 2.12. Here we consider the case where d = 1 and Λ(X) = 2; one might say that such surfaces have the smallest number of singular fibers and multiple fibers among all the elliptic surfaces of Kodaira dimension one, since the number of singular fibers of type (I 1 ) is known to be 12d. In this case, every obstructed sheaf E in M(c 2 ) satisfies b = 1 at (1.1), that is, (M(c 2 ), E) is always a hypersurface singularity.
Theorem 1.4 (Proposition 9.7, 9.9, 9.10). Assume that d = 1 and Λ(X) = 2.
(1) For any locally-free obstructed sheaf E applying to Case II, it holds that R ≥ 1 at (1.3).
(2) There actually exist locally-free obstructed stable sheaves of Case II satisfying R = 1 for every c 2 ≫ 0, when X fit one of conditions (1)- (4) in Proposition 9.10.
When c 2 is sufficiently large, M(c 2 ) is normal and its dimension equals 4c 2 −3d by Proposition 8.8. When an obstructed sheaf E of M(c 2 ) satisfies R = 1, the defining equation F of M(c 2 ) at E (1.3) never equals its degree-two part. As a result, we can summarize as follows:
there actually exist obstructed stable sheaves, and that every such sheaf gives hypersurface singularity (1.3) satisfying that R ≥ 2c 2 − 2χ(O X ). On moduli of sheaves on K3 surfaces, singularities coming from strictly semi-stable sheaves on K3 surfaces are actively researched. Here we just cite some references; for example, [33] , [24] , [39] , [1] , [6] . Now let X be an elliptic surface, and consider the moduli scheme M of rank-two stable sheaves with Chern classes (c 1 , c 2 ). If c 1 · f = 2e + 1 is odd, then M is non-singular by [11, Lem. 8.8.] and birationally equivalent to Hilb dim(M )/2 (J e+1 (X)) and κ(M) = dim(M)/2, for κ(J e+1 (X)) = 1 from [10, p.80, l.33]. About this case, we cite [10], [5] , [38] . On the other hand, in case where c 1 (E) = 0, κ(M) is not known although its upper bound was given at [9, p.328 ]. In our case, it is more difficult to grasp the geometry of M rather than in case where (r, c 1 · f) = 1. This is because the restriction of any stable sheaf to the generic fiber is not stable but strictly semistable in the former case, though it is stable in the latter case. When p g (X) = 0, one can use induced two forms and Poisson structure on M ( [28] , [32] , [35] ). However we can not adopt them in our case since p g (X) = 0. Therefore we take another course as explained at Section 1.2.
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Notation. For a real number r, the symbol ⌈r⌉ means the smallest integer that is not less than r, and ⌊r⌋ the largest integer that is not greater than r. A bilinear form B on a vector space W is a symmetric linear function from W ⊗ k W to k. All schemes are of locally finite type over C. For Weil divisors, ∼ stands for the linear equivalence, and ≡ the numerical equivalence. Let X be an integral projective surface over C. For coherent sheaves F and E on X, h i (E) means dim H i (X, E) and ext i (E, F ) means dim Ext i (E, F ). For a line bundle L on X, we denote the kernel of trace map tr :
• , and its dimension by
Background materials
Definition 2.1. LetM (c 2 , H) be the coarse moduli scheme of S-equivalence classes of Hsemistable sheaves with Chern classes (r, c 1 , c 2 ) = (2, 0, c 2 ) ∈ Pic(X) × Z ( [13] 
, where H 1 (ad(f i )) is defined at (4.6), and its dual map
Definition 2.3. A stable sheaf E on X is obstructed if moduli scheme of stable sheaves is singular at E. In this case, ext 2 X (E, E) 0 = hom X (E, E(K X )) 0 = 0.
2.2.
Canonical singularities and birational classification. The Kodaira dimension κ(V ) of V is κ(KṼ ,Ṽ ), whereṼ is a non-singular complete variety birationally equivalent to V . Kodaira dimension is birationally invariant. Remark κ(K, V ) does not equal κ(V ) in general.
(2)([23, Def. 6.2.4.]) A normal singularity (V, p) is a canonical singularity if (a) the Weil divisor rK V is Cartier for some r ∈ N and (b) if f : W → V is a resolution of singularities, E 1 , . . . , E r are its prime exceptional divisors and one denotes K W = f * (K V ) + a i E i , then a i ≥ 0.
When V is complete and has only canonical singularities, its K-dimension and its Kodaira dimension are equal, so we need not consider desingularizationṼ of V in calculating κ(V ). (2)( [8] ) Let (S, p) → (C, 0) be a flat deformation of a rational singularity (S k(0) , p), where S and of finite type over C. By replacing S with an open neighborhood of p, one can assume that S k(t) has only rational singularities when t ∈ C is sufficiently close to 0.
Remark 2.6. Fact 2.5 (2) holds also when S and C are analytic varieties. The proof of Fact 2.5 (2) proceeds similarly when S is algebraic, since Hironaka's theorem on resolution of singularities and Grauert-Riemenschneider's vanishing theorem ([23, Thm. 6.1.12]) hold in analytic category.
Let us recall some methods and facts in birational geometry.
Fact 2.7.
(1) Let V be a normal and proper variety such that K V is Q-Cartier and nef, and that V has only canonical singularities. Then V is a minimal model.
(2) Let D be a Cartier divisor on a projective scheme V such that n 0 D is base-point free for some n 0 ∈ N. Then the ring ⊕ n≥0 H 0 (V, O(nD)) is finitely generated over C, and the natural
(3)(Abundance Conjecture) Let V be a variety as in (1) . Then it is conjectured that |n 0 K V | will be base-point free for some n 0 ∈ N. (4)(Iitaka Fibration) Let V be a variety as in (1) such that |n 0 K V | is base-point free for some n 0 ∈ N. Then
satisfies the following: Φ is a surjective morphism with connected fibers; mK V = Φ * (K) for some ample divisor K on V can ; κ(V ) = dim V can ; general fibers of Φ are normal varieties with lK = 0 for some l ∈ N. We call Φ the Iitaka fibration of V onto its canonical model V can .
Here we just cite some references; [29] 
2.4. Basics of elliptic surfaces. Let X be an elliptic surface over P 1 . By [4, III.11.2 and 
Next let us recall the Jacobian surface J(X) of X, which is an elliptic surface over P 1 with a section. From X we get an analytic elliptic surface X by [12, Prop. I.4.3.] . Fix an elliptic surface B over P 1 with a section, t 1 , . . . , t k ∈ P 1 and line bundles ξ i on π −1 (t i ) of order m i . Let T denote the set of (analytic) elliptic surfaces X such that J(X) ≃ B, X has multiple fibers just over t i with multiplicities m i , and for some disk In Setting 1.2, we set η = Spec(k(P 1 )),η = Spec((k(P 1 ))), and define X η = X × P 1 η,
Xη is a smooth elliptic curve overη. Any sheaf F on X induces F η on X η , and Fη on Xη.
Fact 2.10. [10, Thm. 3.3] Let E be a rank-two torsion-free sheaf with c 1 = 0 on X. If E η is stable, then E is stable with respect to any c 2 (E)-suitable ample line bundle.
Fact 2.11. [9, Lem. 2.5] Let E be a rank-two sheaf on X with Chern classes (c 1 , c 2 ) = (0, c 2 ), which is stable with respect to a c 2 -suitable ample line bundle H. Then one of the following holds: (Case I): E η has no sub line bundle of degree zero. In this case E η is stable, and Eη is decomposable as
and O Xη (F ) is not rational over k(P 1 ). Let C → P 1 be the double cover corresponding to
(Case II): E η has a sub line bundle with fiber degree 0, but E η is not decomposable. In this case, also Eη is not decomposable, and there is an exact sequence
is a line bundle of order 2 on X η . (Case III): E η is decomposable into line bundles with fiber degree 0 on X η .
Lemma 2.12. Let U 1 (resp. U 12 ) be the subset of M(c 2 ) consisting of sheaves E which apply to Case I (resp. Case I or Case II) in Fact 2.11. Then both U 1 and U 12 are open in M(c 2 ).
Proof. E ∈ M(c 2 ) applies to Case II or III if and only if it holds that Hom(F, E) = 0 for some sheaf 
Every sheaf E in M 0 is locally-free and corresponds Case I in Fact 2.11, and so it induces a double cover C → P 1 . T = X × P 1 C is non-singular, and gives a double cover ν : T → X. The decomposition of E η ′ at Case I extends to an exact sequence on T
and E is isomorphic to ν * O T (−D). The Jacobian surface J(X) has a natural involution defined by ×(−1), and its quotient is a smooth ruled surface F 2k → P 1 called the k-th Hirzebruch surface [4, p. 140] , where
The divisor D at (2.5) induces a morphism C → J(T ). The composition of this and J(T ) → J(X) → F 2k is invariant under Gal(k(C)/k(P 1 ))-action, so it induces a morphism P 1 → F 2k , which is a section A of F 2k → P 1 . This A belongs to a linear system |σ + (2k + r)l| ≃ P 2c 2 −2pg−1 of F 2k , where σ is a section of F 2k with σ 2 = −2k. Thereby we get a morphism ψ : M 0 → P 2c 2 −2pg−1 sending E to A. In fact, this is a surjective map onto a nonempty open subset U ⊂ P 2c 2 −2pg−1 . For detail, refer [9, p.328] . We recall statements in [11, Sect. 7] . There are a U-flat subscheme C ⊂ U × J(X) and 
where G is a finite subgroup of H 2 (T, Z) tors . We have a vector bundle over X × Pic
projection, and q : 
where λ(−2k X ) appeared in Subsection 2.3.
Proof. Fix a polarization H 0 ∈ S. By [28] , if c 2 is sufficiently large w.r.t. 
free for some n 0 ∈ N by [21, p.224] , and so there is a morphism
By the Stein factorization, we factor ψ :
is a projective morphism with connected fibers, and g : V → U is finite. Then V is normal and there is a quasi-finite morphism j : V → N ′ (c 2 ) such that
Proof. We shorten Φ λ to Φ. Let us show that λ(−2k X )| Z = 0 for any fiber Z of ψ ′ . Let F j run over the set of all multiple fibers of X and m j is the multiplicity of F j . By (2.2), one can verify in K(X) that 
we pick a point u ′ ∈ U ′ over u ∈ U, and restrict these to the fiber over u ′ ; we shall abbreviate
as a subscheme of M 0 , and Z as a connected component of Pic
, and
by virtue of (3.2). Now we take any multiple fiber F of X. Because of the definition of M 0 at [9, p.328], ν : T → X is unramified near F and thereby it holds either that (i)
, where L k and O(G k ) are line bundles on F (k) and Z, respectively.
As reviewed in Subsection 2.5, L u ′ is a Poincare bundle of Pic s (T ), and Z is a principal homogeneous space under a group Pic
and then we get Claim 3.4. Because of this claim, it holds that for the projection π 2 :
where 
When n is sufficiently large and divisible, one can check that |W (n)| gives such a morphism j as (3.1) 
by the definition ofψ, so j is quasi-finite.
Φ is connected by [22, Thm. 10.3] , and then
and j and Φ induce their normalization n(j) : Corollary 3.5. In Setting 3.1, the following holds:
is of expected dimension, generically smooth, and
(ii) Suppose c 2 is sufficiently large w.r.t. X and S. Then conclusions in Lemma 3.2 hold and M (c 2 ) is irreducible. The abundance (Fact 2.7 (3)) holds onM (c 2 ). Letψ be the morphism at Prop. 3.3, which is obtained from the Stein factorization of Friedman's morphism ψ in Sect. 2.5, and Φ = Φ |mK| for a large and divisible number m ∈ N. Then there are a normal variety V and a morphism j such that
is commutative and that its normalization n(j) :
(iii) In addition to the assumptions in (ii), suppose that all singularities ofM (c 2 ) are canonical.
Proof. (i) As reviewed at Section 2.5, M 0 is open and dense in M(c 2 ), and is contained in the good locus M gd of M(c 2 ), so M(c 2 ) is of expected dimension. From Proposition 3.3 and Section 2.5, 
4.
A sufficient condition for singularities to be canonical Theorem 4.1. Let (R, p) be a local ring that is smooth over C and I be its ideal generated by
p . Suppose that any nonzero C-linear combination g of f 1 , . . . , f k satisfies rkB g ≥ 2k + 1. Then R/I is c.i., normal, and p is its canonical singularity.
Remark 4.2. After this section was written, Prof. Masataka Tomari kindly teached to the author that, by using a-invariant mentioned in [15] , one can prove Theorem 4.1 in another way. The proof presented here is not so long, and so elementary that one can read it without advanced knowledge on ring theory. Thus we here adopt this proof without change.
Proof. Let R ∧ be the completion of R at p, and let
. Since R is smooth over C, R ∧ is isomorphic to the formal power series ring
We can regard f i as a power series f i (x 1 , . . . , x N ), and then put
, that is simply the completion of R/I at p. Proof.f i (0) ∈ R ∧ is degree-two homogeneous polynomial with variables x i , so we can define a
where
Let V denote the C-vector space spanned byf i (0) (i = 1, . . . , k), and define the set
), where B g is the bilinear form induced by degree-two homogeneous polynomial g, since one can present g as
Hence S is regular in codimension one, and of dimension N −k. Because S k(0) is the completion of S at p, S k(0) is regular in codimension one, of dimension N −k, and so is normal by [30, Thm. 23.8] . From the upper-semicontinuity of dimension of fibers, openness of regularity and Remark 4.3, S k(z 0 ) is of dimension N − k, regular in codimension one and normal for all z 0 ∈ A 1 . Now let us show Theorem 4.1 by induction on k. When k = 0, R/I is non-singular at p and the statement is obvious. Next, suppose that this theorem is true when k ≤ k 0 − 1. From Fact 2.5 and Remark 2.6, we only have to show that (R/I, p) is a canonical singularity when Proof. By using terms at [19, Prop. II.2.
, and the ideal of the center S as I S = x l ′ , . . . , x N , where l ′ ≤ l ≤ N. We shall show this claim on
is an affine scheme with ring
. Take any closed point 
However, in the former case, one can check thatf L is everywhere non-singular, and thus it can not belong to m 2 q . This is contradiction, and so f L is expressed as in (
where m q is the ideal of q ∈ U 1 . Thereby, for the
from Remark 4.6 below and assumptions in Theorem 4.1. In such a way, we can show the following: (*) Letg be any nonzero C-linear combination off m+1 , . . . ,f k . Sinceg belongs to m 2 q , it induces a bilinear form on V ∨ , and then its rank is 2(k − m) + 1 or more.
Because of the choice of m, R
. . ,f k is c.i., normal, and its closed point q is at worst its canonical singularity by inductive hypothesis and the fact (*). A natural surjective map R 1,q / f 1 , . . . ,f k → O M 1,q is isomorphic, since they are integral and some their nonempty open subsets are birational to M. Consequently we obtain Claim 4.5.
Next, let us calculate
is a l.c.i. and normal subscheme of the nonsingular scheme U (resp. U 1 ) by Claim 4.4, and because x N is the generator of the ideal of E on D + (x N ), the adjunction formula deduces that
where ι E is a generator of the ideal of E. From (4.4) and (4.5),
is positive, and thereby p is a canonical singularity of M from Claim 4.5. We have completed the proof of Theorem 4.1.
Remark 4.6. Let W be a C-vector space, V a quotient vector space of W , B be a bilinear form on W ∨ and B| V the induced bilinear form on V ∨ . Then rkB| V + 2(rkW − rkV ) ≥ rkB.
Proof. We verify this when rkW − rkV = 1; In general case, one can show this by induction on rkW − rkV . Let w be the generator of Ker(W → V ). If B(w, w) = λ = 0, then W is naturally identified with C · w ⊕ Ker B(w, ·), and B is naturally decomposed into λ id ⊕B| V , and so rkB ≤ 1 + rkB| V . If B(w, w) = 0, then one can express B as a matrix
Theorem 4.7. Let E be a stable sheaf on a non-singular projective surface. Suppose that any non-zero homomorphism f ∈ Hom(E, E(K X ))
• satisfies that the rank of
• + 1 or more. Then the moduli scheme of stable sheaves on X is l.c.i., normal at E and E is at worst its canonical singularity.
Proof. This results from Theorem 4.1 and Fact 2.2.
Let E be a singular point of M(c 2 ) and hence there is a non-zero traceless homomorphism f : E → E(K X ).
Definition 5.1. Let B denote the largest effective divisor on X such that f splits into f :
, where the latter map is a natural injection. Since H is c 2 -suitable, B is supported on fibers of π, and so it is a rational multiple of f by Setting 3.1.
Here we make the following assumption.
Assumption 5.2. The sheaf E comes under Case I in Fact 2.11.
We try to estimate the rank of
Lemma 5.3. Under Assumption 5.2, any non-zero traceless homomorphism f :
Proof. If det(f ) = 0, then f 2 = 0 by Hamilton-Caylay's theorem. Thus we have a natural
and Im(f ) are of rank one, and so their fiber degrees are zero by c 2 -suitability of H, but this contradicts to Assumption 5.2.
We can split det f ∈ Γ(O(2K X )) as det f = ατ 2 , where B ′ is an effective divisor on X, 
Note that π C : Y → C is an elliptic fibration, and that Y 0 (C and Y , resp.) has a natural action σ of Z/2, since it is a double covering over X (P 1 and a blowing up of X, resp.). 
, where S is the multiplicative set generated by s. Then s l λ belongs to a Cartier Since ν * 0 f has eigenvalues ±sτ , we have two exact sequences on Y 0 : Proof. Assume that E is locally free; the proof goes similarly in general case. For a natural section
, and thus also the restriction sτ
is zero, and thereby f | C 0 is zero. In case where C = σ(C), C is contained in the ramification locus of ν 0 , that is Z(s). By its definition Z(s) is reduced, and Z(s) is locally irreducible since every fiber of X is irreducible. Since Z(s) is locally integral and C is prime, C agrees with a connected component of Z(s) as subschemes. From this one can check that ν * 0 f | 2C is zero, and hence f | C 0 is zero. In each cases the restriction of f : E → E(K X − B) to C 0 is zero, which contradicts to the choice of B. Therefore 
where Mc means mapping cone. By applying the functor RΓ X (·) to this d.t., we get the
denote homomorphisms induced by ad(f ). This d.t. leads to an exact sequence:
Since E is stable, one can check from this exact sequence that
We shall look at h 
, and hence
3) induces a long exact sequence in Coh(X):
Now, ad(f ) and the map f + :
give exact sequences in Coh(X):
From (5.6) and (5.7), H −1 (Mc(ad(f ))) equals to F .
Proof. Assume that E is locally free; the proof goes similarly in general case. We shall use the following commutative diagram in Coh(Y 0 ):
Here, the second row and all columns are exact; the second row and the first and third columns come from (5.2), and the second column does from (5.7); the sheaf Hom 
is σ-equivariant, and so it deduces this lemma by descent theory.
As to H 0 (Mc(ad(f ))), (5.6) and (5.7) deduce exact sequences:
Proof. We prove this in case where E is locally free. Let us consider the following commutative diagram in Coh(Y 0 ) such that the second row and all columns are exact:
Similarly to the proof of Lemma 5.8, we can induce homomorphisms in the first row, and hence homomorphisms in the third row. One can check that R is contained in the kernel of trace map, so it induces a homomorphism tr : Q → O X . By this homomorphism and diagram chasing, one can verify that the third row deduces a splitting exact sequence
Since the support of Ext E) ) and h 0 (F ) ≤ h 0 (End(E)) = 1, the following estimation holds:
With (5.10) in mind, let us calculate χ(R(K X )). Because of the construction of flat covering ν 0 ,
since c 1 (R) equals B − K X ∈ Q · f by Lemma 5.9. When E is locally free, the commutative diagram in the proof of Lemma 5.9 and the snake lemma give an exact sequence
Since Y 0 is Cartier by Lemma 5.4 and the first Chern class of Hom(G + , F + ) (resp. Hom(
where U, U ′ are zero-dimensional subschemes of Y 0 . Applying σ to this sequence and twisting it by K X , we get an exact sequence on Y 0
Using Lemma 5.4, one can check that
where the intersection number D 2 is calculated in Y , for Lemma 5.6 implies D · ν * f = 0.
Summing up, we have that χ(R(K X )) = 2D 
From (5.10) and Proposition 5.10,
Now we shall consider h 1 (R(K X )/G). Similarly to (5.11), the proof of Lemma 5.8 deduces an exact sequence
where W and W ′ are some zero-dimensional subschemes of Y 0 . Thus we have the following commutative diagram (5.14) whose rows and columns are exact; its first row is (5.13), its second row is (5.11), and τ B is a natural section of Γ(O(B)).
(5.14) 0
For a sheaf F of dimension ≤ 1, let tor(F ) denote the maximal subsheaf of F of zero dimension, and pur(F ) the quotient F/tor(F ). From the third column of (5.14), one can check that
0 B) and thereby
, the following should be useful for estimation of h 1 (R(K X )/G).
Proposition 5.11. We denote by Λ(B) the number of connected components B 0 of B such that B 0 is lying over a multiple fiber F and that L| F is NOT isomorphic to O F . Then
Proof. First remark that
is not lying over multiple fibers. Let m be the multiplicity of the fiber over which B 0 is lying, and F the reduction of B 0 . B 0 is indicated as B 0 = nF with n ∈ N. It suffices to show that
Hereafter, we abbreviate R(K X )/G| B 0 to R(K X )/G. On positive divisor B 0 that is not necessarily reduced, recall that the stability of T ∈ Coh(B 0 ) is defined (e.g. [21, Section 1.2]), and that
(e.g. [19, Theorem III.7.6, 7.11]). Let {HN k (pur(R(K X )/G))} denote the Harder-Narashimhan filtration of pur(R(K X )/G)
its k-th factor HN k / HN k+1 , and k 0 the integer such that the reduced Hilbert polynomial p(gr HN k (R(K X )/G)) is asymptotically greater than p(O F ) if and only if k < k 0 . We abbreviate gr
by (5.17) and standard arguments about cohomologies of semistable sheaves. We may assume that p(gr 
are zero when l = l 0 , but either of them is not zero when l = l 0 + 1. Especially,
We indicate JH l 0 (gr Proof. Let J i be the localization of the pull-back of JH l 0 +i (gr
By theory of elementary divisors on PID, we can take such an isomorphism
Since the map
induced by g is surjective, also the map π • p 2 • g ′ : R → R/(x j ) = 0 is surjective, and so g ′ • p 2 is surjective. Thus one can check that Cok(g ′ ) is a quotient of R, so get this claim.
If both of the following maps 
in a similar fashion to another cases below.
Now suppose that the left map in (5.21) is not zero. Cok(g) is a semistable sheaf whose reduced Hilbert polynomial is p(O F ). Let {JH m (Cok(g))} be its Jordan-Hölder filtration, p : JH l 0 → Cok(g) a natural quotient map, and m 0 such integer that both of natural maps
are zero when m = m 0 , but either of them is not zero when m = m 0 + 1. We indicate JH m 0 (Cok(g)) by JH 0 (Cok) and gr
Assume that the first map at (5.22) is not zero. Then there is a nonzero map h : 
Proof. Localize this map at F . JH 0 (Cok) η(F ) is a submodule of Cok(g) η(F ) ≃ R/(x i ′ ) by Claim 5.12, and so it is isomorphic to R/(
is not zero, then one can check that p(O B 0 ) < p(JH 0 (Cok)) from their semistability, which contradicts to the fact p(O B 0 ) = p(JH 0 (Cok)).
We obtained two homomorphisms g : 
is either zero or semistable with reduced Hilbert polynomial p(O F ), and
is contained in O l 2 F , and it is isomorphic to O l 3 F ((l 3 − l 2 )F ). These imply that l 1 ≡ l 2 (mod m) by the fact below. From Claim 5.13, they give an exact sequence
which deduces an exact sequence
Claim 5.15. By assumption, L| B 0 is not isomorphic to O| B 0 , and so L| B 0 = O B 0 (−sF ) with 0 < s < m. Then
Proof. Recall Fact 5.14. Since natural map
As to the second equation, (5.24) deduces
Here let us verify that
From Fact 5.14, one can check the left side and that h 0 (O lF (sF )) = 0 if l ≤ s. When l > s,
/m⌉, and so we get (5.26).
and (5.26) induce the commutative diagram 
Singularities of M(c 2 ) in Case I
Theorem 6.1. Let E ∈ M(c 2 ) correspond to Case I at Fact 2.11. Suppose that
• . As a result, M(c 2 ) is of locally complete intersection and normal at E, and E is at worst a canonical singularity of M(c 2 ).
Remark 6.2. In Theorem 6.1, the assumption "E corresponds to Case I" is relatively weak by Fact 2.13. Conditions (i) and (ii) mean that the number Λ(X) of multiple fibers is relatively few.
Proof. In Div(X), we can denote B as (6.1)
where s j and t i are nonnegative integers, p j is a closed point of P 1 lying over a reduced fiber, F i is the reduction of a multiple fiber with multiplicity m i , and l i is an integer such that 0 ≤ l i ≤ m i − 1. By the canonical bundle formula (2.2),
where n = j s j + i t i , Λ 1 (B) is the number of multiple fiber F i such that m i − 1 ≤ 2l i , and a 1,i is an integer with 0 ≤ a 1,i < m i . Since det(f ) = 0 implies that
We shall estimate the right side of Proposition 5.16. As to h 0 (2K X − B),
where Λ 2 (B) is the number of F i such that l i = m i − 1, a 2,i is an integer with 0 ≤ a 2,i < m i and hence
Next, let us estimate
) for any connected component B 0 of B. 
by its definition in Section 5, and then
Case 3. Assume that B 0 is as in (6.6), L| F ≃ O F and the map Y 0 → X isétale at F . Then one can check that m is even and L| F ≃ O((m/2)F )| F from (6.7) and (6.8). Since 
that is, ⌊2l/m⌋ = 0.
Proof. Suppose that h 0 (O(−2D + B)| lF ′ ) = 0. Then there should be an integer λ such that .7) and (6.8). We also have that ν 
Thus m|2(2+λ), and m|(2+λ) since m is odd, but this is impossible because 2 ≤ λ+2 ≤ 2l+1 ≤ m − 2. Hence one can get the first inequality. Next, assume that h
and l ≤ (m − 1)/2. Then there should be an integer µ such that 0 ≤ µ ≤ 2l − 1 and that
By a similar way to arguments above,
Thus m|2(2l − µ), and m|(2l − µ) since m is odd, but this is impossible because 1 ≤ 2l − µ ≤ 2l ≤ m − 1.
Case 5. Assume that B 0 is as in (6.6) and L| F ≃ O F . Then one can check that t ′ at (6.7) is even, Y 0 → X isétale at F , ν 
by Remark 5.7, and that the order of O(F
0 (B 0 ) ) ≤⌊2(tm + l)/m⌋ + 1. Summing up (6.5), (6.10), Claim 6.4 and (6.11), we obtain that (6.12) .4) and (6.12), we can deduce that
where Λ(B) was defined at Proposition 5.11. By its definition, one can check that Λ(B) + Λ 4 (B) ≤ Λ(X) and Λ 2 (B) + Λ 3 (B) ≤ Λ 1 (B). Therefore (6.13) induces that rk(
, and (6.3) and (6.13) induces
). Theorem 6.1 follows from these equations and Theorem 4.7.
Some elliptic surfaces with a few singular fibers
In this section we shall show the following Theorem.
Theorem 7.1. In Setting 1.2, we suppose that X has two multiple fibers with multiplicities (m 1 = 2, m 2 = m) with m ≥ 3, and
is singular at a stable sheaf E, then E always comes under Case I in Fact 2.11.
(ii) We consider in Setting 3.1. If c 2 ≥ 3 and if M(c 2 ) is compact (e.g. c 2 is odd), then
Remark 7.2. By [11, Cor. 7.17], the number of fibers with singular reduction is 12d in Setting 1.2. Thus the assumption in Theorem 7.1 implies that both multiple fibers and fibers with singular reduction are rather few.
Let us begin with some lemmas.
Lemma 7.3. If a torsion-free rank-two sheaf E on an elliptic surface has a traceless homo-
Proof. The determinant of fη : Eη → E(K X )η ≃ Eη is denoted as det(fη) = −a 2 with some
. Since (fη + a)(fη − a) = 0 by Hamilton-Caylay's theorem, we have two decompositions by degree-zero line bundles
Lemma 7.4. Suppose that a singular point E of M(c 2 ) comes under Case II or Case III in Fact 2.11, and so there is an extension
Proof. Suppose not. One can extend (7.1) to an extension on X
where F and G are torsion-free rank-one sheaves. This induces a diagram of exact sequences
where the upper-left part and the lower-right part are zero since
, but this is impossible when p g (X) = 0.
Proof of Theorem 7.1: First, suppose that there is a traceless homomorphism f : E → E(K X ) with det(f ) = 0. This gives an exact sequence
Let B be the curve defined at Definition 5.1, and put c 1 (F ) = D. Since (K X − B) · O(1) ≥ 0 from the stability of E, and K X is Q-equivalent to {1 − (1/m 1 ) − (1/m 2 )}f,
Then one can show that 2D+K X −B = 0 in a similar way to Lemma 5.8, and that
since E is stable, and thus K X = B, but this is impossible since p g (X) = 0 in case of Theorem
By combining (7.2) with (7.3), one has Therefore any traceless homomorphism f : E → E(K X ) has det(f ) = 0. Assume that E doesn't correspond to Case I. By Lemma 7.3, E corresponds to Case II. Similarly to (5.1), det(f ) induces a double cover ν 0 :
(ii) Suppose ν isétale at D 0 . Then ν(D 0 ) is connected, reduced and irreducible by Setting 1.2, and as a result ν −1 ν(D 0 ) is locally integral, that is, every connected component is integral. 
is not zero. Because E ∨∨ is µ-semistable and h 0 (L ⊗2 ) = 0, either of the following exact sequences exists, where Z is a zero-dimensional subscheme:
However, one can check that hom(E, E(K X )) ≤ 4p g (X) = 0 when the former exists. When the latter exists,
From Lemma 5.6 and (7.2), we can deduce a Z/2-equivariant isomorphism
Now let us use the assumption in Theorem 7.1 that (m 1 , m 2 ) = (2, m). In this case, one can verify that a 1 = 0 from (7.6) and hence
However, 2K X = (m − 2)F 2 implies that ν : Y → X isétale at F 1 , L| F 1 ≃ O F 1 by (7.5), and then h 0 (ν * (O F 1 )) = 1. As a result ν −1 F 1 is integral, but then (7.7) never occur. This is contradiction, and thereby E corresponds to Case I. Consequently we arrive at Theorem 7.1(i). Theorem 7.1(ii) results from the paragraph after (2.5), the proof of Corollary 3.5, Theorem 6.1 and Theorem 7.1(i). satisfying that E is stable with respect to any c 2 -suitable ample line bundle H, E is of type I, and and ext
Proof. First, we shall find an elliptic surface B with a section, which will be the Jacobian surface J(X) of X mentioned below. and g 3 ∈ Γ(P 1 , O(6d)) are general sections, then the closed subschemeB in
is a surface with at worst rational double points, such that the natural morphismB → P 1 is a flat family of irreducible curves of arithmetic genus 1. Its minimal resolution B is a relatively minimal elliptic fibration with a section and χ(O B ) = d. Conversely, any minimal elliptic fibration B → P 1 with a section and χ(O B ) = d is described in this way.
With Fact 8.2 in mind, we choose general sections
such that α gives a square-free divisor and that
This is possible because of the assumption on d in this proposition. Then let B be the closed subscheme in
When g 2 , q, α are general, one can verify that B is a non-singular elliptic surface over P .12]), we can get an algebraic elliptic surface π : X → P 1 such that X has multiple fibers with multiplicities m i over p i , X| (P 1 −{p i }) is locally isomorphic to B| (P 1 −{p i }) (in analytic topology), and its Jacobian surface J(X) is isomorphic to B. This X satisfies assumptions in Proposition 8.1.
Let ν C : C → P 1 be the double cover given by α ∈ Γ(P 1 , O(2d − 4 + 2Λ)) with a Z/2-action
be the section such that s 2 = α and η ′ be Spec(k(C)).
does not descend to a divisor on X η , and satisfies
Proof. About B at (8.3), a point (x, y) = (0, qs) in B η ′ does not descend to a point in B η since σ C (0, qs) = (0, −qs) = (0, qs), and satisfies that (0, qs) + σ C (0, qs) = 0. Since
, which has such properties as in Claim 8.3.
Now we have a natural section
where the symbol od i means the summation runs over all i such that m i is odd. Thereby we have a square-free sectionα = α
, and τ F i is the section corresponding to F i . Let ν : Y → X be the double cover given byα with a Z/2-action σ, and t ∈ Γ(Y, L) be the section such that t 2 =α. Remark that Supp(α) is non-singular from (8.2), and so is Y . From the relation between α, α ′ ,α and t, one can verify that
with nonzero constants λ i . Thus we can obtain a morphism π C :
Y → C → P 1 equals to π • ν. Since τ F i is an unit of the ring of X η , the induced morphism 
Proof. (a) By [11, p.48], there is an exact sequence
Suppose that ν * O(−D)| Xη is not stable. Then it has such a subsheaf F η as deg( 
Then tι ∈ Γ(Y, ν * K X ) satisfies that σ(tι) = −tι, and gives a homomorphism
We have a commutative diagram
where two lines are (8.5) , and so ν * tr(ν * (×tι)) = tι + σ(tι) = 0.
Let us consider its first Chern class. From [11, p.47, Prop. 27], c 1 (
is a divisor on X whose support lies in fibers of
Thereby the support of ν * (D) lies in fibers of X → P 1 . From Remark 8.5, we can assume that
where the symbol ev i means the summation runs over all i such that m i is even.
Remark 8.5. Concerning ν : Y → X, the following holds.
Proof. Claim 8.6. There is a rank-two sheaf E 1 such that c 1 (E 1 ) = 0, E 1,η is stable, and Hom(E 1 , E 1 (K X ))
• is not zero.
. Let us consider when c 1 (ν * O(−D)) = F 1 ; the proof similarly proceeds in general case. There is a nonzero traceless homomorphism g :
First, we suppose that g| F 1 = 0. There is a surjection ν * O(−D) → L F 1 to a line bundle on F 1 , and let E 1 be its kernel. Then c 1 (E 1 ) = 0, E 1,η ≃ ν * O(−D)| Xη is stable, and g induces a homomorphism g :
Next, we suppose that g| is semistable on a non-singular elliptic curve F 1 . From [2] , it holds that (a)
Assume that g 21 is zero. Define E 1 to be the kernel of a natural surjection
| Xη is stable, and g induces g :
. Also when the g 12 is zero, we can similarly find such a sheaf E 1 as in Claim 8.6. Suppose that both g 21 and g 12 are not zero. Then they are isomorphic and we can assume that g 12 is the identity mapping. Describe O F 1 (−F 1 ) as O F 1 (q − r), and fix nonzero sections τ q of Γ(O F 1 (q)) and τ r of Γ(O F 1 (r)). There is a nonzero constant λ such that g 21 (1) = λ(τ q /τ r ) 2 .
We define an injective homomorphism by
and define E 1 to be the kernel of a natural surjection
Then one can verify that c 1 (E 1 ) = 0, E 1,η ≃ ν * O(−D)| Xη is stable, and g induces g :
Remark 8.7. For such a sheaf E 1 as in Claim 8.6, there is a subsheaf E 2 of E 1 such that
Proof. Take a nonzero element g of Hom(E 1 , E 1 (K X ))
• . Let p be a closed point in X such that E 1 is locally free at p. By standard linear algebra, the linear map g ⊗ k(p) :
has an invariant quotient vector space of rank one, say Q(p). When we define E 2 to be the kernel of a natural surjection Proof. Fix an ample line bundle H 0 ∈ S, and H be an ample line bundle lying on the line segment connecting H 0 and K X . By [14] ,M H 0 (c 1 , c 2 ) is irreducible when c 2 is sufficiently large w.r.t. (X, H 0 , c 1 ). We put only on (X, c 1 , H 0 ). Combining these facts, we obtain this proposition.
9. When E applies to Case II and is locally free
In this section, we works in Setting 9.1, and show Theorem 1.4.
Setting 9.1. X satisfies that d = 1 and Λ(X) = 2. E ∈ M(c 2 ) satisfies Ext 2 (E, E) 0 = 0, applies to Case II in Fact 2.11, and is locally free.
applies to Case II in Fact 2.11. Then any nonzero homomorphism f ∈ Hom(E, E(K X )) 0 satisfies f 2 = 0, so we get an exact sequence
(2) Conversely, if a torsion free sheaf E is decomposed as in (9.1) satisfying all conditions in (1), and if (9.1) does not split at the generic fiber X η , then E is stable with respect to any c 2 (E)-suitable ample line bundle.
Proof. Suppose f 2 = 0. Then one can describe Eη as in (5.2). Natural map F − → ν * 0 E → G + induces the splitting of (5.2)η, so Eη should be decomposable. Thereby f 2 = 0. It is easy to check the left of the proof.
Lemma 9.4 (16/11/3, 12/3). In Setting 9.1, one can describe the torsion parts and the pure parts of the following natural exact sequences.
Here we put l 
is exact. From Fact 9.2, natural sequence
) is zero map since E applies to Case II, so Hom π (G, G) → Hom π (E, G) is isomorphic. This decomposes as
and thereby P * is surjective. Hence
is exact. This, (9.4) and the Snake lemma deduce (c). 
(f) In the third column of (9.2), the rank every components is one since E applies to Case II. Thereby the image of Ext 
, and hence they are isomorphic. (i) In the natural commutative diagram
P * is injective between rank-one line bundles, so Cok(P * ) is a torsion subsheaf of torsionfree sheaf Hom π (F, G(K X )), and thereby P * is surjective. Since the upper vertical arrow is isomorphic, P * is surjective. (j) Since E applies to Case II,
is isomorphism. This decomposes as
and tereby I * is surjective.
Lemma 9.5. Let U = {U i } be an open affine cover of X, and let γ be an element of theČech cohomologyȞ
Suppose that f ∈ Hom(E, E(K X )) 0 satisfies f 2 = 0, so we have I, P, B, and ι similarly to Lemma 9.3, and tr
Proof. γ is represented by aČech cocycle {Γ ij ∈ H 0 (U ij , Hom(E, E) 0 )}. It suffices to verify
by Lemma 9.5. The natural map Hom π (G, G) → Hom π (E, G) is isomorphic from Setting 9.1, so
Thus we get (e).
Proposition 9.7. In Setting 9.1, it holds that
Proof. From Lemma 9.4 (c), (g) and Lemma 9.6 (e), R = rk ι * : tor Ext
In the following natural diagram, the second row is exact and the first row is injective. ) ). This and Lemma 9.6 (e) deduce that R = 3l(Z) − hom(E, F (K X )/G). Since F (K X )/G = F (K X )⊗O X /τ B ·I Z , hom(E, F (K X )/G) = hom(E, F (K X )·O Z )+hom(E, F (K X )| B ) = 2l(Z)+ hom(E, F (K X )| B ). Suppose that Z 0 = ∅. From Lemma 9.6 (c), 1/2 ≥ (n i + 1)/m i for i = 1 or 2. We assume that it holds for i = 1, so m 1 − 2 − n 1 ≥ n 1 and 2m 2 − 2 − n 2 ≥ n 2 , and then Indeed, one can check that 2m 1 − 3 − n 1 ≥ n 1 , and so τ
⊂ I Z 1 from (9.8). One can verify the right equation similarly to (9.9), since (n 2 + 1)/m 2 ≥ 1/2 by Lemma 9.6. Because 2K X − B + f = (2m 1 − 2 − n 1 )F 1 + (m 2 − 2 − n 2 )F 2 ,
This contradicts to Lemma 9.6 (b). By (9.10), τ 2m 2 −2−n 2 F 2 ∈ I Z 2 . Then it should holds that 2m 2 −2−n 2 = n 2 from (9.9), but this contradicts to Lemma 9.6 (c). Therefore we conclude that Z 0 = ∅. At the end, we remark that From this and Lemma 9.8, R ≤ l(Z) − l(Z 12 ) = 1, and from Proposition 9.7, R ≥ 1. We get R = 1 consequently. Proposition 9.10. For fixed integer c, there actually exist Z and B such that l(Z) = c and that all conditions hold in Proposition 9.9 (1) in the following cases. As a result, there actually exist stable sheaves E such that c 2 (E) = c and all conditions in Proposition 9.9 (2) hold.
( One can verify (2)-(4) similarly to (1) . In case of (2), we can put n 1 = ⌊m 1 /2⌋ = (m 1 − 1)/2 and put n 2 = 1. In case of (3), we can put n 2 = 0 and let n 1 be the smallest odd integer such that n 2 ≥ ⌊m 1 /2⌋, that is, 2⌊m 1 /4⌋ + 1. In case of (4), we can put n 1 = m 1 /2, n 2 = 1 if 4 |m 1 and n 2 = 0 if 4|m 1 .
